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ABSTRACT 

This work i s  concerned wi th  e s t a b l i s h i n g  the  proper parameter space 

f o r  a PLL t o  lock onto a modulated carrier. The r e s u l t s  of t h e  work are 

adequately descr ibed i n  t h e  two papers of t h e  r epor t .  

is  t o  be  published i n  t h e  Proceedings of t h e  IEEE Region V Record, Dallas, 

Texas, 1970. The second paper w i l l  be  published as a s p e c i a l  supplement 

of t he  Aerospace and E lec t ron ic  Systems Transact ion by t h e  Nat ional  Aero- 

space E lec t ron ic s  Conference (NAECON-70). 

The f i r s t  paper 
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ABSTRACT 

The required parameter values f o r  acquis i t ion  
and t racking of a carrier frequency modulated by a 
s i n g l e  s inusoid are establ ished f o r  a second order  
loop, A t h ree  var iab le  parameter space is examined 
cons is t ing  of the modulation index, the r a t i o  of 
the modulation frequency t o  the  loop na tu ra l  f re -  
quency, and the  normalized i n i t i a l  frequency off- 
set. Conclusions are drawn from da ta  accumulated 
through the  use of a mathematical model. Simulation 
of the model on a d i g i t a l  computer was used t o  ob- 
t a i n  numerical r e su l t s .  Ver i f ica t ion  of the  numer- 
ical  r e s u l t s  w a s  accomplished using a 455 KHz sec- 
ond order PLL i n  the laboratory,  Allowable para- 
meter l i m i t s  are examined t o  insure  acquis i t ion  of 
the  modulated carrier instead of i t s  sidebands. 
Acquisition of the  sidebands i s  discussed along 
with general  comments on d i s to r t ion .  

INTRODUCTION 

The phase lock loop has not  uncommonly been re- 
jec ted  by telemetry engineers as a demodulation 
c i r c u i t  fo r  two p r inc ipa l  reasons, The f i r s t  i s  
t h a t  t he  PLL is  known t o  lock onto sidebands [1,2] 
i n  some regions of the  modulation parameter space, 
and the  second is t h a t  i t  has been argued t h a t  when 
the  modulation index, 6, is such t h a t  J ($) is zero 
the  carrier amplitude goes t o  zero and Boss of lock 
on the  carrier must, of necess i ty ,  occur. The prin- 
c i p a l  i n t e r e s t  of the  authors' research i n t o  t h i s  
problem was t o  e s t ab l i sh  the  regions of the modu- 
l a t i o n  parameter space f o r  acquis i t ion  and proper 
demodulation of the  s inusoida l ly  modulated carrier. 

t h i s  problem and solved by numerical methods. A 
laboratory model w a s  constructed and experimental 
da t a  accumulated t o  e s t ab l i sh  the regions of i n t e r -  
est. An inves t iga t ion  was undertaken i n t o  the  
e f f e c t s  of the  damping r a t i o ,  g ,  on the region of 
i n t e r e s t  and these r e s u l t s  are presented with ob- 
se rva t ions  and numerical so lu t ions  t o  c l a r i f y  the 
r e s u l t s ,  The der iva t ion  of the  mathematical model 
i s  presented i n  a paper by the  same authors f o r  
presentat ion a t  NAECON [3] ,  and the  laboratory 
set-up used fo r  t he  experimental work is presented 
i n  Appendix I along with a b r i e f  discussion of the 
methods used i n  the  measurement of the parameters, 

A mathematical model of the  PLL w a s  derived fo r  

TEXT 

It can be seen from the  Fourier series expansion 
of t he  FM modulated c a r r i e r  t h a t  the  loop has a 
choice of frequencies t o  acquire ,  namely wc and 
uc kum where generally k is  any small in t ege r  

less than or  on the order  of $. A necessary condi- 
t i on  fo r  proper demodulation is  tha t  the  modula- 
t ion  parameters be such t h a t  i n  every instance the  
loop w i l l  acquire  and t rack  the  carrier. I f  t he  
parameters are such tha t  the acquis i t ion  of the  
c a r r i e r  is not  assured, but ra ther  acquis i t ion  and 
t racking of a sideband r e su l t s ,  then these  para- 
meter values represent  an area of the  modulation 
parameter space t o  be  avoided i n  most appl ica t ions  
of t h e  PLL as a demodulator. 

The d i f f e r e n t i a l  equation tha t  descr ibes  the 
acquis i t ion  behavior of the  second order  PLL is 

0 

and w i s  the frequency d i f fe rence  of the  VCO 
and tke carrier. This equation is  derived i n  [3].  
This d i f f e r e n t i a l  equation w a s  solved by numerical 
methods f o r  var ious values of the  modulation para- 
meters and loop i n i t i a l  conditions. A boundary 
between the  region of the parameter space where 
the loop w i l l  acquire  the c a r r i e r  and the  region 
where i t  w i l l  acquire  the sidehands w a s  determined, 
Acquisition of a sideband w a s  defined as having 
occurred when the input  t o  the  VCO 

- 
KO 

developed a D.C. s h i f t  approximately equal t o  

KO 

where KO is  the constant of t he  VCO. In Figure I 
the  r e s u l t s  of the inves t iga t ion  by Casden, Kelly 
and l i intz  [4] i n t o  the  lo s s  of lock of an i n i t -  
i a l l y  locked loop with an increase of the  modula- 
t i on  index are presented as a comparison t o  the  
separa t ion  of t he  two regions fo r  g = .707 and 
w =O.O. In  t h i s  paper wm and wE are normalized 

It may be noted t h a t  acquis i t ion  and t racking 

E 
by wn. 

of t he  carrier f o r  modulating frequencies up t o  
the  loop n a t u r a l  frequency compare c lose ly ,  and 
t h a t  up t o  t h i s  l imi t ing  value the  loop w i l l  ac- 
ou i r e  and demodulate any s i g n a l  i t  can t rack.  
Beyond wm * 1.0, however, a divergence i n  the 
r e s u l t s  occur. It  can be shown t h a t  the i n i t i a l  
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phase of t h e  modulation has  a s t rong  inf luence on 
t h i s  behavior, I n  Figure IL t he  minimum value of 
8 fo r  acquis i t ion  of a sideband (i.e. the maximum 
8 f o r  acquisitkon and t racking the  carrier has 
been exceeded) is  p lo t ted  as a function of the 
i n i t i a l  modulation angle, B i ,  f o r  F, - .707 and 
WE - 0 .0 .  
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FIGURE I1 

Since the  p l o t  i n  Figure I is made fo r  an i n i t -  
i a l  modulation phase of zero i t  is apparent t h a t  
the  p lo t  does not ,  i n  f ac t ,  represent  the  worst 
possible  condition. It is  a l s o  i n t e r e s t i n g  t o  note  
t h a t  fo r  w up t o  L O  the i n i t i a l  phase of the  
modulationmhas l i t t l e  o r  no e f f e c t  on the  problem, 
Ibe i n i t i a l  phase was inves t iga ted  fo r  wE - 2.0 
with even more extreme va r i a t ions  but  the  same 
general  pat terns .  The r e s u l t s  of the  experimental 
Cnvestigation could be expected t o  compare c lose ly  
with the  numerical so lu t ion  f o r  modulating frequen- 
cies up t o  the  loop na tu ra l  frequency. No con t ro l  
w a s  exercized over the  i n i t i a l  angle of t h e  modu- 
l a t i n g  s igua l  i n  the  experimental work thus a 
divergence i n  the  r e s u l t s  should occur beyond t h i s  
point ,  This divergence should not  exceed the  var- 
iance due t o  t h e  i n i t i a l  phase. The experimental 
set-up shown iu Appendix I was used along with 
the  evaluat ion criteria set f o r t h  therein. In 
Figure 111 the  experimental and numerical so lu t ion  
curves f o r  5 = ,707 and w = 2.0 are given. The 
three  poin ts  i n  Figure IIf which represent  worse 
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FIGURE 111 

case B over a l l  B i  should l i e  on o r  below the  ex- 
perimental curve. It can be seen t h a t  the  experi- 
mental curve does conform t o  these  theo re t i ca l  
bounds. 

It was determined during t h i s  inves t iga t ion  t h a t  
a small va r i a t ion  i n  the  damping r a t i o ,  t, does no t  
appreciably a f f e c t  the acquis i t ion  behavior. The 
r e s u l t s  of an inves t iga t ion  with 5 = ,400 compared 
t o  F, - ,707 both for  OE * 0.0 are shown i n  Figure 
I V ,  the  curves are both from d a t a  accumulated on 
the  computer. 
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FIGURE I V  

In Figure V the  bulk of the r e s u l t s  are presented. 
It w i l l  be noted t h a t  t h e  experimental r e s u l t s  are 
presented f o r  values of w, = 0.0 and 2.0 along with 
the  r e s u l t s  .of t he  numerical so lu t ions  fo r  these 
values, Since wC: - 2.0 represents  an i n i t i a l  off- 
set of twice t h e  na tu ra l  frequency of t he  loop, and 
s ince  i n  most appl ica t ions  involving the  demdula- 
t i on  of a carrier and/or subcar r ie rs  t h i s  value 
should be q u i t e  within the  tolerance of the  VCO 
and carrier frequency s t a b i l i t i e s ,  i t  can be seen 
t h a t  f o r  most appl ica t ions  the  i n i t i a l  o f f s e t  
should not  be a s ign i f i can t  fac tor .  

It must be noted t h a t  approaching the  boundary. 
of t he  two regions from below most generally pro- 
duces an increasing amount of d i s t o r t i o n  i n  the  
demodulated output [5]. In  general  i t  was observed 
t h a t  when the  f i r s t  sideband w a s  acquired a beat: 
note  [6 ]  equal  i n  frequency t o  the  modulation f re -  
quency appeared a t  the pos i t i ve  or negative maxi- 
mum of the  demodulated output. Higher sidebands 
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produced bea t  no tes  twice, three  times, e tcoo  each 
cycle  of  t he  modulation. 

In conclusion the inves t iga t ion  provides a sep- 
a ra t ion  of the  modulation parameter space i n t o  two 
regions. In  the  f i r s t  region the loop w i l l  acquire  
and t rack &he carrier f u l f i l l i n g  a necessary con- 
d i t i o n  for demodulation, In the  second region the 
loop w i l l  acquire  a sideband and the  demodulated 
output w i l l  be highly d is tor ted ,  The e f f e c t s  of 

small va r i a t ions  of the  loop damping r a t i o  are no t  
of pa r t i cu la r  s ign i f icance  i n  the  acquis i t ion  
problem. I n i t i a l  philee of the modulation, however 
is, The fea r  t h a t  B 5 2.4 is, i n  i t s e l f ,  s u f f i c i e n t  
t o  insure  the  l o s s  of the  carrier is d ispe l led ,  
These r e s u l t s  should provide a guidel ine t o  the 
engineer i n t e re s t ed  i n  acquir ing and demodulating 
a FM modulated carrier with the  PLL. 



The experimental work involved i n  the research acquis i t ion  and t racking of a sideband ins tead  of 
presented i n  t h i s  paper w a s  performed with the the c a r r i e r .  The modulation index w a s  determined 
laboratory set-up shown i n  Figure A -I. Of p a r t i -  by observing the modulated c a r r i e r  on a spectrum 
c u l a r  importance t o  t h i s  research w a s  the method analyzer and comparing the normalized ( t o  uni ty)  
of determining the modulation index of the modulat- amplitude components of the sidebands t o  the values 
ed carrier, and 'the method of determining the computed i n  standard tab les  of the Bessel functions 
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C 

FIGURE A - I 

of the proper order.  
s a t i s f a c t o r y  r e s u l t s .  Determination of the sideband 
t racking w a s  made by observing the D.C. l e v e l  a t  
the input  t o  the loop VCO, as w e l l  as the demod- 
ulated output on an oscil loscope. It  was  observed 

This method yielded q u i t e  
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In t h i s  paper a baseband model which descr ibes  
the behavior of the output s i g n a l  from a second 
order  PLL during acquis i t ion  and subsequent demod- 
u la t ion  of an angle modulated carrier is  developed. 
The non-linear d i f f e r e n t i a l  equation r e su l t i ng  from 
the model is solved using a d i g i t a l  computer f o r  
frequency modulation by a s ing le  s i n e  wave and by 
a square wave. The r e s u l t  is  the de f in i t i on  of a 
region i n  the parameter space consis t ing of the 
modulation index, the r a t i o  of the modulation fre-  
quency t o  the loop na tTra l  frequency, and the r a t i o  
of the i n i t i a l  difference i n  the VCO and c a r r i e r  
frequencies t o  the n a t u r a l  frequency of  the loop, 
such t h a t  the PLL w i l l  acquire and properly demod- 
u l a t e  the ca r r i e r .  An experimental inves t iga t ion  
w a s  made and the r e s u l t s  can be seen .to compare 
c lose ly  with the theo re t i ca l  r e su l t s .  

INTRODUCTION 

A s ign i f i can t  problem i n  the use of phase lock 
loops as demodulators fo r  angle modulated c a r r i e r s  
is the tendency of the PLL t o  lock onto sidebands 
of the modulated carrier [ l ] .  The p r inc ipa l  e f f o r t  
of t h i s  research w a s  t o  determine parameter values 
f o r  the second order  PLL which would insure  t h a t  
sideband lockup would not  occur. 

The exis tence of c i r c u i t s  t o  prevent a PLL from 
acquiring a sideband ins tead  of the c a r r i e r  are 
w e l l  known (see f o r  example [2] ,  [3] ) .  However, 
these c i r c u i t s  are i n  general  qu i t e  complex and not  
w e l l  su i t ed  t o  appl ica t ions  requir ing e i t h e r  econo- 
m i c  o r  s i z e  cons t ra in ts .  

There has been a r a the r  l a rge  amount of litera- 
tu re  wr i t ten  on the  problem of acquiring an unmod- 
u la ted  c a r r i e r  with a PLL (see f o r  example [ 4 ,5 ,6 ] ) .  
However, none of t h i s  l i t e r a t u r e  sheds much l i g h t  
on the problem of acquir ing a modulated c a r r i e r .  

The approach t o  the  problem of acquis i t ion  of a 
modulated carrier by a PLL used by the  authors w a s  
t o  der ive a d i f f e r e n t i a l  equation which would de- 
s c r ibe  the behavior of the output phase of the PLL 
during acquis i t ion  and demodulation. The equation 
was  solved using numerical techniques on a d i g i t a l  
computer - 

The behavior of these so lu t ions  w a s  examined as 
a function of the  modulation parameters t o  deter-  
mine under what conditions the loop acquired the 
carrier and under what conditions i t  acquired a 
sideband. This inves t iga t ion  of the loop behavior 
w a s  car r ied  out  f o r  both s inusoida l  and square 
wave modulation. These r e s u l t s  are presented later 
i n  the paper. 

DIFFERENTIAL EQUATION 

Baseband Model f o r  Output Phase 

In t h i s  sec t ion  a baseband model of the PLL 
which descr ibes  the output during acquis i t ion  and 
subsequent demodulation of an angle modulated car- 
rier w i l l  be derived. Figure 1 is an IF  model of 
a second order PLL. 

A s  1 

FIGURE 1 

Performing the mul t ip l ica t ion  ind ica ted  i n  Figure 
1, x ( t )  can be wr i t ten  as 

5 
x ( t >  = 2 sin[(wc - wo)t + $,(t> - @,(t)l 

+ second harmonic term (1) 

where the 6,( t )dt  has been denoted by @,(t). 

ter by h(T) the f i l t e r  output can be wr i t t en  as, 

1: 
Then denoting the impulse response of the f i l -  

M 

The impulse response of t h i d e a l  second order PLL 
is given by, 

h(T) = u o ( ~ )  + au-l(T) (3) 

where u (T) denotes the Dirac d e l t a  function and 
u ,~ (T)  8enotes the s t e p  fupction. 

gives 
Subs t i tu t ing  equation 3 i n t o  2 and s implifying 

1 



= x ( t )  + a 
KO 

( 4 )  

Differen t ia t ing  equation 4 with respect  t o  t and 
applying Leibniz 's  theorem t o  the i n t e g r a l ,  a dif-  
f e r e n t i a l  equation descr ibing @o(t)  is obtained as 

go( t>  = Kox(t) + a x ( t >  (5) 

Subs t i tu t ing  equation 1 i n t o  equation 5s neglect ing 
the second harmonic terms gives 

AK,K1 
@,(t> = - 2 U w c  - wo> + @,(t> - 60(t)lcosr(wc - 

AKoKla 
W o > t  + $m(t) - @,(t>]  + 7 sin[(wc - wo)t 

Final ly ,  i n  order t o  comply with standard PLL 
nota t ion  def ine 

(7) AKoKl -= 2 25% 

Then s u b s t i t u t i n g  equations 7 and 8 i n t o  6 the  
f i n a l  form of the d i f f e r e n t i a l  equation f o r  $,(t) 
is  

where w denotes w - w the  i n i t i a l  frequency 
o f f s e t .  

u la t ion  used i n  t h i s  paper is  a d i r e c t  r e s u l t  of 
equation 9. Consider the case where @,(t) = 0 
(normal unmodulated carrier acquis i t ion  problem) 
and assume 

E c 0' 

The c r i t e r i o n  f o r  proper acquis i t ion  and demod- 

Then s u b s t i t u t i o n  of equation 10 i n t o  9 reveals 
t h a t  @,(t) = w t is  a so lu t ion  of the d i f f e r e n t i a l  
equation. 

The f a c t  t h a t  @ ( t )  = w tois  a so lu t ion  implies 
t h a t  the output of'the PLL; $o(t)/Ko is  wE/Koq Now 
i f  $ ( t )  is a per iodic  s i g n a l  with zero average 
valu? an obvious conjecture would be that w /K i s  

E O  the  average value of the PLL output,  EoDC, when the 
loop i s  pkoperly demodulating the c a r r i e r ,  i .e. 

& 

This conjecture is  based on the assumption t h a t  the 
output due t o  modulation w i l l  be a per iodic  s i g n a l  
with average value equal t o  zero when the loop is 
properly demodulating a 

output vol tage would be 
Following the same l i n e  of reasoning the average 

w f kw, 
E - 

EoDC - KO 

when the loop is  t racking a sideband where w i s  
a fundamental frequency of the modulation an8 k i s  
the number of the sideband the loop i s  tracking. 

This conjecture  was born out  completely by com- 
puter  so lu t ions  of equation 9 and by laboratory 
experiments. For a complete descr ipt ion of the 
experimental work see [7].  An abbreviated discus- 
s ion  of the experimental set-up is given i n  Appen- 
dix I. 

Having v e r i f i e d  the above conjecture the pro- 
cedure f o r  determining when the PLL acquired the 
modulated c a r r i e r  and when i t  acquired a sideband 
is now c l e a r ;  the d i f f e r e n t i a l  equation (equation 
9) i s  solved numerzcally f o r  various modulations 
and the resu l t ing  $o( t)Dc obtained by averaging 
the output. Then apply equation 12  t o  determine k 
and the loop has acquired the modulated carrier 
i f  and only i f  k = 0. 

ACQUISITION OF A SINUSOIDALLY MODULATED CARRIER 

For the case of s inusoida l  modulation @,(t) and 

$m(t)  = @sin(wmt + ei> 
Gm(t) are given by 

(13) 

and 

&m(t) = Awcos(wmt + 8,) (14) 

Equations 13 and 1 4  w e r e  s u b s t i t u t e d  i n t o  equation 
9 and the resu l t ing  d i f f e r e n t i a l  equation w a s  sol-  
ved numerically f o r  various values of the modula- 
t ion  index, 8 ,  the  modulating frequency, w and 
the i n i t i a l  o f f s e t  w For t h i s  series of so lu t ions  
8 .  w a s  set a t  zero,  t ' a t  .707 and wn w a s  1.0. The 
r k s u l t s  are p l o t t e d  i n  Figure 2. Figure 2 shows 
the d iv is ion  of the parameter space i n t o  two re- 
gions. The f i r s t  region (below the curves) is the  
region i n  which the loop w i l l  acquire and demod- 
u la te  the c a r r i e r .  The second region (above the 
curves) is  a region i n  which the  loop w i l l  acquire 
sidebands. 
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There are severa l  po in ts  t o  be made about Fig- 
ure 2. F i r s t ,  i n  the region LU /w 
the agreement with [8] is  very good. This w a s  a 
* See Appendix I f o r  comments on experimental 
parameters 

< 1 and wE = 0 m n -  



l i t t l e  surpr i s ing  since Carden, Kelly and Hintz [ 8 ]  
obtained t h e i r  r e s u l t s  by assuming the loop w a s  in- 
i t i a l l y  t racking the carrier and then the modulation 
w a s  applied. The immediate conclusion would be t h a t  
the required t o  Cawe the loop t o  lose  lock i s  
almost the same as t h a t  required t o  prevent acquis i -  
t ion  of the c a r r i e r .  This implies  t h a t  f o r  sinusoid- 
a lmodula t ion  and very l i t t l e  o f f s e t  the loop w i l l  
acquire  anything it can track. 

The second point  pf i n t e r e s t  is  the apparent dis- 
agreement between the experimental and theo re t i ca l  
r e s u l t s  i n  the region wm/wn > 1.0. This disagreement 
can be explained by the use of some i n i t i a l  phase, 
0 , no t  equal  t o  zero. Ih the experimental port ion 
of the  inves t iga t ion  the i n i t i a l  phase of the modu- 
l a t i o n  w a s  no t  cont ro l led  and hence w a s  no t  i n  gen- 
eral  zero. Figure 3 i s  a p l o t  of the c r i t i c a l  value 
of 6 as a function of Bi. 
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FIGURE 3 

For the case of w /w = 1.0 which is within the 
region of good exper$!meEtal and theo re t i ca l  agree- 
ment the c r i t i c a l  value of $ is  almost constant  and 
equal  t o  the measured value. However, f o r  w = w = 
2.0 which is i n  the region of question the ZritiEal 
value of $ var i e s  from .9 t o  2.4 as a function of 
ei. The experimental value of $ f o r  t h i s  w /wn is 
2.0. Thus the experimental r e s u l t s  are begeen  the 
extremes of the theo re t i ca l  so lu t ion  and hence the 
agreement i s  s t i l l  q u i t e  good i f  var ious values of 
0 are considered. Due t o  the add i t iona l  amount of 
computer t i m e  involved and the f a c t  t h a t  t h i s  i s n ' t  
an extremely i n t e r e s t i n g  region the authors d idn ' t  
inves t iga te  the e f f e c t  of Bi any fur ther .  

t h a t  f o r  w /wn = 2.0 the cr i t ical  values of 6 are 
very near  those of wE/w = 0, as i l l u s t r a t e d  i n  
Figure 5. Hence, f o r  moaerate values of frequency 
o f f s e t  the loop can still acquire  almost anything 
i t  can demodulate. 

I n  order t o  study the e f f e c t  of small changes 
i n  the ze ta  of the loop equation 9 w a s  solved 
with 5 = ,400 under a l l  of the above conditions. 
The r e s u l t s  are shown i n  Figure 4 .  The p r inc ipa l  
po in t  of i n t e r e s t  concerning Figure 4 is  tha t  
small var ia t ions  in ze ta  have e s s e n t i a l l y  no e f f e c t  
and hence f igures  2 and 5 should be appl icable  f o r  
a l l  ze tas  between .400 and 1.00. 

In  Figure 5 the r e s u l t s  of numerical and exper- 
imental inves t iga t ion  f o r  wE 5 0 and 2 and various 

i 

The f i n a l  point  of i n t e r e s t  about Figure 2 is  
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FIGURE 4 

ze tas  is given. These curves provide a summary of 
the  research i n t o  the acquis i t ion  behavior f o r  the 
case of modulation by a s ingle  s inusoid.  Due t o  
the s i z e  of Figure 5 i t  i s  presented on the next 
page. 

ACQUISITION OF A SQUARE WAVE MODULATED CARRIER 

For the case of frequency modulationeby a square 
wave, it is  easier to  sketch $m(t) and @m(t)  than 
i t  is t o  w r i t e  ana ly t i ca l  expressions f o r  them. The 
modulating functions used i n  t h i s  port ion of the 
study are shown i n  Figure 6. . 

Time 

-27rAf 

FIGURE 6 

! The parameter 'I i n  Figure 6 serves  the same 
purpose as Bi i n  the expressions f o r  the sinusoid- 
a l  modulation. 

Using the functions shown i n  Figure 6 ,  equation 
9 w a s  solved numerically using equation 12 again 
t o  determine whether o r  no t  the loop acquired the 
ca r r i e r .  A parameter space cons is t '  g of AfT and 

mental frequency of tRe :quare wave) w a s  inves t i -  
gated to  determine the region i n  which the loop 
w i l l  acquire and demodulate the carrier. The re- 
s u l t s  of t h i s  inves t iga t ion  are shown i n  Figure 7 
which is  a l s o  placed on a later page due t o  i ts  
s ize .  

In  examining Figure 7 ?n the region of 7r/Twm > 
1.0 the apparent disagreement between theo re t i ca l  
and experimental r e s u l t s  again is due t o  the e f f e c t  
of the s t a r t i n g  poin t  of the modulation i n  the 
cycle, i .e.,  the parameter T. Figure 8 is  a p l o t  
of AfT c r i t i c a l  as a function of 

"/Tun (note v/Twn = w /w where om ? s the  funda- 
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By exac t ly  the same l i n e  of reasoning as w a s  
used €or  s inusoida l  modulation, i t  can be seen t h a t  
the experimental r e s u l t s  and theo re t i ca l  r e s u l t s  
are ac tua l ly  i n  c lose agreement i f  var ia t ions  i n  
IC are considered. However, due t o  the addi t iona l  
computer t i m e  the authors again chose t o  hold 
T = 0 f o r  the majori ty  of the work. 

The poin ts  i n  Figure 7 labeled by s m a l l  squares 
are the  r e s u l t  of a ca lcu la t ion  based on the track- 
ing performance of the  PLL. Carden, Lucky and 
Swinson [9] obtained r e s u l t s  €or  the magnitude of 
a s t e p  i n  frequency such t h a t  a loop which w a s  
t racking a c a r r i e r  would skip one cycle and then 
continue t o  track. It w a s  conjectured t h a t  f o r  
w /w 
cndulg be considered independent and hence the out- 
put of the loop would be a series of s t e p  respon- 
ses. I f  t h i s  were the case, then the value of Aw 

<< 1.0 each t r ans i t i on  of the square wave 
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such that the loop would skip me cycle per  transi- 
t i o n  might also be tha  Au for which the  loop would 
acquire  a sideband. From [ 9 ]  the  cri t ical  value of 
AwIun f o r  5 = ,707 is  

Aw/w, = 1.5. (15) 

Manipulation of equation 15 gives the c r i t i c a l  AfT 
as 

The points  on Figure 7 labeled with squares are 
so lu t ions  of equation 16. It can be seen t h a t  i n  
the  region v/w T > 1.0 the analogy of the s t e p  re- 
sponse breaks town and the r e su l t i ng  curves diverge. 

The f i n a l  po in t  of i n t e r e s t  about Figure 7 i s  
t h a t  f o r  a frequency o f f s e t  wE/wn = 2.0 there  are 

no e s s e n t i a l  differences i n  the curves. This ind i -  
cates t h a t  f o r  moderate o f f s e t s  the region i n  
which the loop w i l l  acquire  and demodulate a 
square wave is es sen t i a l ly  the same as with no 
o f f s e t ,  i .e.,  wE = 0. 

ACQUISITION TIME 

In  order  t o  inves t iga te  acquis i t ion  behavior the 
authors took a d i f f e ren t  de f in i t i on  o f  acquis i t ion  
t i m e  than i s  normally used i n  the study of the 
unmodulated case. The de f in i t i on  chpsen w a s  the 
f i m e  of the  f i r s t  zer? crossing of @,(t) where 
@,(t) = wE + rj ( t )  - @,(t). The reason f o r  t h i s  
de f in i t i on  canmbest be explained by a phase plane 
p o r t r i a t .  Figurea9 is  a phase plane diagram 
of rj  (t) versus @ ( t )  f o r  the case of s i n e  wave 
modufation and w e= 0. 

E 
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FIGURE 9 

From Figure 9 i t  can be seen t h a t  the loop en te r s  
its s t a b l e  t r a j ec to ry  a t  approximately the f i r s t  
zero crossing of $,(t> and t h i s  is  the motivation 
f o r  the de f in i t i on  of acquis i t ion  t i m e  chosen by 
the authors. Some t yp ica l  acquis i t ion  times are 

,presented i n  Table 1, a l l  f o r  values of A@ 0 w 2 
0.9, since i t  was no t  determined t h a t  the d e f i g i t i s n  
of acquis i t ion  time was meaningful for  larger values 
of Aw * am. 
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I To summarize, the authors have presented a study 
of the acquis i t ion  behavior of a second orqer  phase 
lock loop when the input  is an angle modulated 
carrier. The baseband d i f f e r e n t i a l  equation can be 
used t o  solve similar acquis i t ion  problems f o r  
other  appl ica t ions  s ince  i t  i s  the r e s u l t  of a 
general  development. 

The primary r e s u l t s  of t h i s  s tudy are shown i n  
the parametric regions of Figures 5 and 7. This 
r e s u l t  is t o  divide a parameter space consis t ing of 
appropriate  modulation parameters i n t o  two regions. 
The f i r s t  region is a region i n  which the loop 

I w i l l  acquire  and subsequently demodulate an angle 
modulated carrier. This information can be used 
t o  design phase lock loops which do not  need 
acquis i t ion  a ids  o r  spec ia l  conplex c i r c u i t s  t o  
prevent locking onto a sideband. In addi t ion ,  
such loops can operate unattended and with no 
ex terna l  control .  This fea ture  should make them 
a t t r a c t i v e  for appl ica t ion  i n  commercial systems. 

APPENDIX I oratory set-up shown i n  Figure A - 1. 

the method of determining the modulation index, 8 ,  
of the  modulated carrier, m d  the  method of deter- 

Of p a r t i c u l a r  importance t o  t h i s  research was 
The experimental w ~ r k  involved i n  the research 

presented in t h i s  paper was performed with the  lab- 

FLGURE A - 1 



mining the acquis i t ion  a n d  t racking of a sideband 
ins t ead  of the carrier. The modulation index f o r  a 
siue wave was  determined by observing the  modulated 
carrier on a spectrum analyzer and comparing the  
nonoalized(to uni ty)  amplitude components of the  
rridebaqds t o  the values  computed in  s tandard tables 
o f  t he  Bessel funct ions of the  proper order  
square wave modulation A f  w a s  dete-ned fr 
modulat$ng vol tage and .the carrier generation VCO 
constant. These methods yielded q u i t e  s a t i s f ac to ry  
r e su l t s .  Determination of sideband t racking was 
-de by observing the D.C. level a t  the  input  t o  

of the loop, as w e l l  as the  demodulated 
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